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and the ratio of hardness to Young’s modulus for a perfect conical tip
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A linear relationship between the ratio of elastic work to the total indentation work and
hardness to reduced modulus, i.e., We /Wt = l H/Er, has been derived analytically and
numerically in a number of studies and has been widely accepted. However, the scaling
relationship between We/Wt and H/Er has recently been questioned, and it was found that
l is actually not a constant but is related to material properties. In this study, a new
relationship between We/Wt and H/Er has been derived, which shows excellent agreement
with numerical simulation and experimental results. We also propose a method for
obtaining the elastic modulus and hardness of a material without invoking the commonly
used Oliver and Pharr method. Furthermore, it is demonstrated that this method is less
sensitive to tip imperfections than the Oliver and Pharr approach is.
I. INTRODUCTION

The total work is then given by

Based on the analysis of indentation by a cone, a
linear relationship between the ratio of elastic work to
the total work of indentation and hardness to reduced
modulus has been proposed:1

1
Wt ¼ Pm dm :
ð3Þ
3
For materials without significant time-dependent behavior during the indentation process, it is often observed
that the unloading curve can be described by a power
law of the form9

We
H
¼l
Er
Wt

:

ð1Þ

Here l = p tan y, where y is the half-included angle of the
indenter. Using numerical simulation, a similar expression was derived by Cheng et al.2,3 For a conical indenter
with an equivalent projected area to a Berkovich indenter
at a given depth l = 5.74 using this equation. By curve
fitting to finite element simulations, the value of l is
given as 4.678 in Ref. 4 and 5.04 in Ref. 5. In combination with the unloading stiffness, Eq. (1) has also been
used to derive hardness and elastic modulus, and it was
argued that it does not require an independent knowledge
of the contact depth.6 Thus it has been suggested that the
problem to accurately determine contact depth when
sink-in or pileup occurs can be avoided.6 Whether this is
valid or not will be discussed later in this paper.
Numerical simulations and experimental observations6–8 demonstrate that after plastic deformation is
well-established, the load–displacement (P-d) curve
follows Kick’s law:
Pm ¼ Cd2m

:

ð2Þ

Pm ¼ Bðdm  dr Þm
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ð4Þ

It has been shown that the exponent m is related to the
shape of the deformed surface.10 In general, the unloading exponent differs from 2 and the parameter B is therefore dependent on dm.11
Integrating the unloading curve gives the elastic work
We ¼

1
Pm ðdm  dr Þ :
mþ1

ð5Þ

Thus,
We
3
3
dr

¼
Wt m þ 1 m þ 1 dm

:

ð6Þ

The loading stiffness at peak load is given by
Sl ¼ 2

Pm
dm

;

ð7Þ

and the unloading stiffness at maximum load is given by
Su ¼ m

a)

:

Pm
ðdm  dr Þ

:

ð8Þ

Based on Sneddon’s analysis,12 the unloading stiffness
can be also expressed as9
© 2009 Materials Research Society
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2bEr pﬃﬃﬃﬃﬃ
Su ¼ pﬃﬃﬃ Ac
p

;

ð9Þ

where b takes account into the lateral displacement within the indentation.13
Combining Eqs. (7) and (8) yields


Sl
2 dm  dr
¼
:
Su m
dm

ð10Þ

Combining Eqs. (7) and (9), we also obtain
Sl p H dc tan y
¼
Su b Er dm

:

ð11Þ

Thus,
We
3m
p tan y H dc
¼
b
Er dm
Wt 2ðm þ 1Þ

2
dc ¼ dm :
ð13Þ
p
At the same time if we assume that m is a constant [e.g.,
m = 2, which is the extreme case when Y/E approaches
0 and there is no work hardening (i.e., the work hardening exponent n = 0)], we get

:

ð12Þ

From Eq. (12), it can be seen that the linear scaling
relationship between We/Wt and H/Er is only valid if the
unloading exponent m and the ratio of the contact depth
over the maximum depth are constants.
It was observed that Eq. (1) with l = 5.3 provides a
reasonable global agreement with finite element method
(FEM) data for a Berkovich indenter for a wide range of
materials, but it was also found that the value of l
strongly depends on the work hardening behavior, particularly for soft metals.14 Unfortunately, the analysis
given by Alkorta et al.14 ends at this point, and no further explanation is given. Actually, the dependency of l
on the ratio of H/Er had also been noticed by Choi
et al.15 By careful investigation of experimental results,
they found different values of l are required for soft
metals and hard ceramics respectively (e.g., l = 7.3,
when We/Wt < 0.15; l = 5.17, when We/Wt 0.15).
However, it is difficult to understand why there should
be a sharp jump in the value of l when We/Wt
approaches 0.15. Therefore, a more comprehensive relationship between the ratio of elastic work over the total
work of indentation and hardness over reduced modulus
is required. This is the subject of this paper.
II. ANALYTICAL MODEL

Some basic questions need to be addressed before we
try to further develop the relationship between We/Wt
and H/Er. It is essential to understand why Eq. (1) was
proposed and the circumstances when it is invalid. This
is discussed in this section before introducing a new
model.
As shown by Eq. (12), Eq. (1) can be derived if
the unloading exponent m and the ratio of the contact
depth over the maximum depth are constants. The contact depth given by Sneddon12 for an elastic contact
problem is

We 2 tan y H
¼
b
Er
Wt

:

ð14Þ

A similar expression is obtained elsewhere.14 For a conical indenter with a half-included angle of 70.3 , the
coefficient multiplying H/Er is about 5.25 (with b =
1.0659), which is close to the 5.3 suggested by Alkorta.14
However, it is obvious that for elastic–plastic contact,
Eq. (13) is not correct. Furthermore, sink-in and pileup
will definitely influence the ratio of real contact depth
over maximum depth. On the other hand, m does not
equal 2 in general as mentioned previously. That is why
a different scaling relationship between We/Wt and H/Er
is proposed.
From Eq. (6), it can be seen that the fundamental
relationship between We/Wt and H/Er is based on the
relationship between H/Er and dr/dm. A few expressions
have been proposed to describe dr/dm in terms of
H/Er2,3,16–19 as discussed in our previous study where
a nonlinear expression was developed,19 which is
more generally applicable. The main points of the derivation are reproduced in the following.
The nanoindentation hardness is given by
H ¼ P=Ac

;

ð15Þ
2

where Ac is the contact area given by p(dc tan y) for a
perfect conical tip with half-angle y.
Rearranging Eq. (8) gives, dm  dr = mPm/S and the
elastic deflection of the surface during indentation is
given by
dm  dc ¼ e

Pm
Su

:

If Eqs. (9), (15), and (16) are combined we get


pe H
tanðyÞ dc :
dm ¼ 1 þ
2b Er
If Eqs. (8), (9) and (17) are combined we obtain
!
dr
mp H
1
;
¼1
tan y
p H
2b Er
dm
1 þ 2b
e Er tan y

ð16Þ

ð17Þ

ð18Þ

where the value of m can be obtained by fitting finite
element simulations or experimental load–displacement
results. The same expression can be derived in a different way as described in Ref. 19. Equation (18) indicates
that the relationship between dr/dm and H/Er is actually
not linear and is dependent on m. It should be pointed

J. Mater. Res., Vol. 24, No. 3, Mar 2009

591

J. Chen et al.: The ratio of elastic work to the total work of indentation and the ratio of hardness to Young’s modulus

out that the actual contact depth may differ from that
given in Eq. (16) in the presence of pileup and sink-in.
However, Eq. (18) has been validated even for materials
displaying a small amount of pileup and sink-in during
indentation. Considering that the pileup is related to Y/Er
and the work hardening exponent n, this implies that m is
also dependent on Y/Er and n. This is not surprising
because the parameter m is related to the shape of deformed surface, and Y/Er and n determine the shape of
the deformed surface when the Poisson’s ratio n and the
half-included angle of the indenter y are fixed.
Combining Eqs. (6) and (18) gives,
!
We
3mp
H
1
: ð19Þ
¼
tan y
pe H
Wt 2bðm þ 1Þ Er
1 þ 2b
Er tan y

creep is not included in the model; this may have a
significant influence on the results, which makes the
analysis more complex.21 The basic stress–strain (s-e)
relationship used in the model is
8
Y
>
>
for e 
> Ee;
<
E
s¼
ð20Þ
Y ;
>
n
>
Ke
;
for
e

>
:
E

The same equation can be derived if we substitute
Eq. (17) into Eq. (12). Equation (19) clearly shows
that the relationship between We/Wt and H/Er is actually
nonlinear.

As discussed previously, the parameter m is related to
Y/Er and n; however, it is difficult to derive an analytical
expression between them. From FEM studies carried out
in this study, we have found an approximately linear
relationship between m and the work hardening exponent n [Eq. (21)] when 0.001 < Y/Er < 0.1.

III. FINITE ELEMENT MODEL

Since a three-dimensional (3D) model produces
results similar to those of a two-dimensional (2D) model
when solving elastic-plastic problems,20 the 2D rigidflexible half model was adopted here for computing efficiency. The commercial finite element program ANSYS
9.0 (ANSYS, Inc., Canonsburg, PA) was used in this
study. The effective half-included angle of the conical
indenter used here is 70.3 (with equivalent projected
area to a Berkovich tip).
The elastic properties for the diamond tip (E = 1141
GPa, n = 0 .07) were fixed, and it is assumed to be
elastically deformed for all models. A 2D 6-Node Triangle Structural Solid element was used to model the 2D
diamond indenter. The mesh, boundary conditions
applied, and the contact pairs are the same as those
described in our previous study.19 The interface between
the indenter and the specimen is assumed frictionless.
Contact depth and residual depth are directly measured
from the deformation profile; thus we consider the effect
of pileup and sink-in when calculating the hardness. To
maximize the speed of simulations, displacement control
is preferred, and a maximum penetration of 400 nm is
adopted for all the materials investigated here.
Both elastic–perfectly plastic solid materials and
materials with power-law work hardening behavior were
examined in this study. In the simulations, the Young’s
modulus E and Poisson’s ratio n for the specimens were
fixed at E = 70 GPa and n = 0.25, respectively. The yield
stress Y was varied from 0.07 to 7 GPa. For work hardening materials, the work hardening exponent was varied
from 0 to 0.5. This leads to ratios of modulus over yield
strength in the range of 10–1000, which covers most
ceramics and metals. Time-dependent behavior such as
592

where K is a constant and n is the work hardening
exponent.
IV. RESULTS AND DISCUSSION
A. Relationship between dr/dm and H/Er

m ¼ 1:24 þ 0:2n

:

ð21Þ

This generates values of m between 1.24 and 1.34 for
elastic–perfectly plastic solids and work hardening materials as n is normally less than 0.5. It falls in the range
determined by Pharr et al.10 (i.e., m = 1.16 to 1.48). It
should be noted that time-dependent behavior can significantly affect the unloading curve (and thus the value of
m), and the analysis here is not valid for materials
showing significant time-dependent behavior during the
indentation tests.
Thus, Eq. (18) can be rewritten by replacing m with n:
!
dr
pð1:24 þ 0:2nÞ H
1
: ð22Þ
¼ 1
tany
pe H
2b
Er
dm
1 þ 2b
Er tany
Comparisons were made between Eq. (22) developed in this
study and other models, which are plotted in Figs. 1–3.

FIG. 1. Comparison of the relationship between the ratio of residual
depth to maximum depth and the ratio of hardness to contact modulus
for elastic–perfectly plastic materials (n = 0) determined by different
workers and finite element simulation.
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both elastic–perfectly plastic solids and work hardening
materials. Other models, for example, the nonlinear
equation developed by Sakai in Ref. 16 significantly
diverge at an earlier stage (H/Er > 0.05). In contrast,
Eq. (22) developed in this study shows excellent agreement with the FE simulations.
B. Relationship between We/Wt and H/Er

Substituting Eq. (21) into Eq. (19) gives

FIG. 2. Comparison of the relationship between the ratio of residual
depth to maximum depth and the ratio of hardness to contact modulus
for materials with work hardening (n = 0.1) determined by different
workers and finite element simulation.

!
We 1:5ð1:24 þ 0:2nÞp H
1
¼
tan y
pe H
ð0:24 þ 0:2nÞb Er
Wt
1 þ 2b
Er tan y

:
ð23Þ

An alternative nonlinear relationship between We/Wt and
H/Er was derived elsewhere by Malzbender et al.18
!1
We
e
b
þ
¼
:
ð24Þ
2 p EHr tan y
Wt

FIG. 3. Comparison of the relationship between the ratio of residual
depth to maximum depth and the ratio of hardness to contact modulus
for materials with severe work hardening (n = 0.5) determined by
different workers and finite element simulation.

FIG. 4. Comparison of the expression to describe We/Wt in terms of
H/Er developed in this study and literature expressions for elastic–
perfectly plastic materials.

The equation derived by Cheng et al.2,3 gives a good fit
only when H/Er is less than 0.1. This is not surprising
since they argued that their equation is valid for dr/dm
more than 0.4, which requires H/Er to be less than 0.1 for
a perfect conical indenter with semi-angle of 70.3 .
When H/Er > 0.1, the equation developed in Refs. 2 and
3 significantly diverges from the finite element data for

To justify which models are better, experimental validation is required. For example, taking 1070 steel, the
values of the reduced modulus (indented by a diamond
Berkovich tip) and hardness are 182 and 9.5 GPa, respectively, and the measured value of We/Wt is 0.298.22
The model proposed in Ref. 4 gives a value of 0.227 for
We/Wt (with a deviation of 25%), the expression developed in Refs. 2 and 3 gives a value of 0.287 for We/Wt
(with a deviation of 5%), and the approach of Alkorta
et al.14 gives a value of 0.277 for We/Wt (with a deviation of 7%). Other approaches give a value of 0.270,15
0.263,5 and 0.24523 for We/Wt. However, the equation
proposed in this study gives a value of 0.296, which
agrees almost perfectly with the experimentally
measured value (the difference is less than 1%). Similar
good agreement is produced for a range of materials
with different H/Er (Figs. 4–8).
Figure 6 depicts a comparison of the different expressions proposed to describe We/Wt in terms of H/Er and
finite element simulation taken from the literature. Only
some of the linear expressions were plotted to for comparison as the relationship between We/Wt and H/Er is
actually nonlinear.14 Equation (23) developed in this
study gives the best agreement with FEM data. Figure 4
also shows that all the expressions proposed in the literature lead to a unity value for We/Wt when H/Er < 0.2.
However, experimental data show that even when H/Er
is around 0.25, the value of We/Wt is less than 1.24 This
agrees well with our prediction (see Figs. 5 and 6).
For clarification, a separate comparison between the
variation of We/Wt with H/Er determined in this study
[i.e., Eq. (23)] and the linear and nonlinear expressions
given by Malzbender et al.6,18 [i.e., Eqs. (14) and (24)]
is depicted in Fig. 9. Again, the linear plot deviates
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FIG. 5. Comparison of the expression to describe We/Wt in terms of
H/Er developed in this study and literature expressions for materials
with a work hardening exponent of 0.1.

FIG. 8. Comparison of the expression to describe We/Wt in terms of
H/Er developed in this study and literature expressions as well as
measured data from Alkorta.14

From Fig. 9, it can be seen that the curves for We/Wt
versus H/Er are almost indistinguishable for all levels of
work hardening. It might be argued that the work hardening should have a big effect on very soft metals, and
this may just be hidden in a global plot over a wide
range of H/Er. Therefore, a localized plot for soft materials with various work hardening exponents is plotted
in Fig. 10. It can be clearly seen that for the model
presented in this study the effect of work hardening on
We/Wt is negligible even for very soft metals.
C. Alternative method for obtaining H and Er
FIG. 6. Comparison of the expression to describe We/Wt in terms of
H/Er developed in this study and literature expressions for materials
with a work hardening exponent of 0.5.

Combining Eqs. (9) and (15), we obtain
H 4b2 P
¼
E2r
pS2u

:

ð25Þ

Rewriting Eqs. (18) and (19), we get


1  ddmr
H 2bcoty


¼
Er
p
ð1:24 þ 0:2nÞ  1  ddmr e

;

ð26Þ

and
H
bWe =Wt
¼
coty
Er 1:5pð1:24 þ 0:2nÞ  peWe =2Wt

:

ð27Þ

ð2:24 þ 0:2nÞ

FIG. 7. Comparison of the expression to describe We/Wt in terms of
H/Er developed in this study and literature expressions as well as
measured data from Stilwell and Tabor.1

significantly from that developed in this study. The nonlinear relationship proposed by Malzbender et al.18
shows a similar trend in the We/Wt versus H/Er plot, but
it significantly overestimates the value of We/Wt for soft
materials. Again, it leads to We/Wt  1 when H/Er
approaches 0.2, which is not correct as mentioned above.
594

Combining Eqs. (25) and (26) we obtain


1  ddmr S2u coty
h

 i
Er ¼
2bPm ð1:24 þ 0:2nÞ  1  ddmr e

2
1  ddmr S2u cot2 y
H¼
h

 i2
pbPm ð1:24 þ 0:2nÞ  1  ddmr e
while combining Eqs. (25) and (27) yields
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FIG. 9. Comparison of the variation of We/Wt with H/Er determined
in this study [i.e., Eq. (23)] and the linear and nonlinear expressions
given by Malzbender et al.6,18 [i.e., Eqs. (14) and (24)].

We =Wt
4b Pm
Er ¼ 1:5pð1:24 þ 0:2nÞ
coty=
pS2u
ð2:24 þ 0:2nÞ  peWe =2Wt
0
We =Wt

H ¼ @1:5pð1:24 þ 0:2nÞ
ð2:24 þ 0:2nÞ

; ð29aÞ

12

A = 4Pm
pS2u
 peWe =2Wt

:

ð29bÞ

These provide alternative approaches to obtain the
values of hardness and reduced modulus without independent measurement of the contact depth. Of the two
the energy based approach is more promising since the
accurate measurement of residual depth is not easy, and
this can cause significant error in the ratio of residual
depth over maximum depth, but measurement errors
have only a negligible influence on We/Wt.
It has been previously argued that an energy-based
approach could be used to derive hardness and elastic
modulus and avoid problems caused by pileup and sinkin.6,18 However, in cases where significant pileup (i.e.,
the real contact depth exceeds the maximum penetration
depth) occurs around the indentation, separate microscopy assessment of the indentation profile is still required
to obtain an accurate value of hardness and elastic modulus. The reason is that in this analysis, it is assumed the
contact depth is the difference between the total displacement and the elastic displacement of the surface at the
edge of the impression, which does not take account of
any pileup. We also need to bear in mind that only part of
the pileup is actually in contact with indenter. Therefore,
if the actual contact edge is not significantly above the
surface (i.e., the amount of pile-up is small), the models
presented here work reasonably well because the effect
of pileup and sink-in can be included in the parameter m
for the material properties given in this study as discussed in Sec. II. On the other hand, with the energybased approach [e.g., Eq. (29)], the tip area function
calibration is not necessary anymore, which saves time,
and it avoids possible errors from fitting a nonphysical
area function to the measured data.

FIG. 10. Localized plot of We/Wt versus H/Er for soft materials (with
low H/Er) with different levels of work hardening. The effect of work
hardening is negligible.

To illustrate the utility of this approach, Fig. 11 displays a comparison of the determination of hardness and
reduced modulus based on the Oliver and Pharr method
(O & P) and the model suggested here [i.e., Eq. (29)] for
fused silica, which is a material that is not well
handled by previous energy-based hardness models due
to its high H/E. The values of reduced modulus determined by both methods at various loads agree very well.
For the hardness, reasonably good agreement is achieved
at large penetrations where tip blunting has a negligible
effect on the contact area. However, at low penetrations
where tip blunting is critical, a significant discrepancy
between these two approaches is observed. This could be
due to the erroneous experimental fitting of the tip area
function. On the other hand, it may suggest that the
model requires modification for the truncated tip, and a
length-scale parameter (i.e., tip radius) should be included in the model as suggested in Refs. 11, 25, and 26.
However, the fact that the hardness determined by the
new model is approximately constant over a large load
range, whereas the hardness determined by the Oliver
and Pharr method increases at low loads, implies that
the tip calibration is in error. Tip defects have a considerable influence on data obtained by nanoindentation, and
methods to accurately account for tip shape (both in
terms of tip end radius27 and the instantaneous effective
tip angle28) or reduce its effect are essential. The reduction in hardness at the lowest loads is due to the transition
from elastic to plastic behavior. There is also considerable scatter in Er at low loads where We is of similar
magnitude to Wt, and significant errors are expected in
the model developed here due to limitations in determining these values with sufficient accuracy. In such cases,
the value of m is also likely to change; in other words, m
can be also related to the tip radius. More comparisons of
hardness and reduced modulus values for other materials
(such as aluminum and soda-lime glass as depicted in
Figs. 12 and 13, respectively) obtained by the O & P
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FIG. 11. Comparison of (a) hardness and (b) reduced modulus of fused silica using the Oliver and Pharr method (O & P) and the new model
suggested here [i.e., Eq. (28)].

FIG. 12. Comparison of (a) hardness and (b) reduced modulus of aluminum using O & P and the new model suggested here [i.e., Eq. (28)].

FIG. 13. Comparison of (a) hardness and (b) reduced modulus for soda lime glass using O & P and the new model suggested here [i.e., Eq. (28)].

method and the method presented here have been
made, and it demonstrates that the method presented
here gives more reasonable results when tested by a
used indenter at low loads. From Figs. 12 and 13, it is
obvious that significant discrepancy was observed. As
the testing load was low (so was the penetration), the
tip blunting tends to play an important role. Although
the assumption of a spherical truncated tip is reasonable for a new tip, there is no reason for this to be
596

true after many indentation tests. Thus, the analytical
expression for describing the tip shape is not realistic.
It is also very unlikely for experimentalists to update
the area function calibrations every time before tests.
There is also no guideline for how often the area
function should be updated. Therefore, it can lead to
overestimation of the measured hardness and elastic
modulus if the area function is not updated in time.
On the other hand, the initial tip area function is a
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good approximation at given range of contact depth. In
practice, the actual contact depth for some materials
may be outside this range; therefore, we may not expect reasonable results in such cases. Further work is
underway to validate the new approach on a larger
range of materials with different Y/E.
Tests have also been performed on metallic materials
including copper and gold. The hardness values obtained
by the new method are closer to the results after pileup
correction compared to the common Oliver and Pharr
method. Another essential issue that must be emphasized
is the influence of the proportion of the unloading curve,
which is fitted to determine the unloading stiffness.
This may also affect the derived elastic modulus. This is
particularly crucial for materials that show time-dependent
behavior, even if this is limited when indentation is performed at room temperature. The upper one third is the
recommended fitting range for the unloading curve
according to Oliver and Pharr. If we change this even
slightly, even if enough data points are ensured, the
derived values of elastic modulus may change, although
there is no obvious change in the hardness. This problem
can be circumvented using the equations developed here.
For soda-lime glass there is a much bigger difference
between the Oliver and Pharr hardness and modulus
values and those determined by the method developed
here. Using Eq. (28), the values are lower but constant as
a function of depth and closer to values measured by
other techniques (microhardness and bending tests).
More work is underway to understand the reasons for
the discrepancy.
V. CONCLUSIONS

The existing linear relationships between dr/dm and
H/Er developed by means of analytical or numerical
methods have been examined. It was found that they
provide a good fit for materials with low H/Er; however,
when H/Er is bigger than 0.1, significant deviation occurs.
A nonlinear analytical expression between dr/dm and H/Er
is proposed, and this has been verified by finite element
simulations for elastic–perfectly plastic materials and
power law work hardening materials.
The finite element simulations demonstrate that the
existing linear relationships between the elastic work
over total work and hardness over the reduced modulus
reported in the literature and commonly accepted is
not correct. A new model has been developed for the
relationship between We/Wt and H/Er, which agrees well
with the numerical simulation results and experimental
data.
Based on the newly developed relationship between
dr/dm and H/Er in combination with existing numerical
and analytical models, a new expression has been developed for the relationship between We/Wt and H/Er.

The elastic modulus and hardness can be directly
measured based on knowledge of the maximum load,
unloading stiffness, and We/Wt (or dr/dm). This method
is less sensitive to tip imperfection compared to the
common Oliver and Pharr approach.
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