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Abstract
In this paper, we investigate transition systems of a class of Petri nets suitable for the
modelling and behavioural analysis of globally asynchronous locally synchronous
(GALS) systems. The considered model of Elementary Net Systems with Localities
(ENL-systems) is basically that of Elementary Net Systems (EN-systems) equipped
with an explicit notion of locality. Each locality identifies a distinct set of events
which may only be executed synchronously, i.e., in a maximally concurrent manner.
For this reason, the overall behaviour of an ENL-system cannot be represented by an
interleaved transition system, with arcs being labelled by single events, but rather by
a suitable notion of a step transition system, with arcs being labelled by sets of events
executed concurrently.
We completely characterise transition systems which can be generated by Elementary
Net Systems with Localities under their intended concurrency semantics. In
developing a suitable characterisation, we follow the standard approach in which key
relationships between a Petri net and its transition system are established via the the
regions of the latter defined as specific sets of states of the transition system. We
argue that this definition is insufficient for the class of transition systems of ENLsystems, and then augment the standard notion of a region with some additional
information, leading to the notion of a region with explicit input and output events (or
io-region).
We define, and show consistency of, two behaviour preserving translations between
ENL-systems and their transition systems. As a result, we provide a solution to the
synthesis problem of Elementary Net Systems with Localities, which consists in
constructing an ENL-system for a given transition system in such a way that the
transition system of the former is isomorphic to the latter.
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Abstract. In this paper, we investigate transition systems of a class of
Petri nets suitable for the modelling and behavioural analysis of globally asynchronous locally synchronous (GALS) systems. The considered
model of Elementary Net Systems with Localities (ENL-systems) is basically that of Elementary Net Systems (EN-systems) equipped with an
explicit notion of locality. Each locality identifies a distinct set of events
which may only be executed synchronously, i.e., in a maximally concurrent manner. For this reason, the overall behaviour of an ENL-system
cannot be represented by an interleaved transition system, with arcs being labelled by single events, but rather by a suitable notion of a step
transition system, with arcs being labelled by sets of events executed
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We completely characterise transition systems which can be generated
by Elementary Net Systems with Localities under their intended concurrency semantics. In developing a suitable characterisation, we follow the
standard approach in which key relationships between a Petri net and its
transition system are established via the the regions of the latter defined
as specific sets of states of the transition system. We argue that this definition is insufficient for the class of transition systems of ENL-systems,
and then augment the standard notion of a region with some additional
information, leading to the notion of a region with explicit input and
output events (or io-region).
We define, and show consistency of, two behaviour preserving translations between ENL-systems and their transition systems. As a result, we
provide a solution to the synthesis problem of Elementary Net Systems
with Localities, which consists in constructing an ENL-system for a given
transition system in such a way that the transition system of the former
is isomorphic to the latter.
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Introduction

Several real-life computational systems exhibit dynamic behaviour which could
best be described as following the ‘globally asynchronous locally synchronous’
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paradigm (or GALS). Prominent examples of such systems can be found in
hardware design, where a VLSI chip may contain multiple clocks responsible for
synchronising different subsets of gates, and in biologically motivated computing, where a membrane system models a cell with compartments, inside which
reactions are carried out in co-ordinated pulses. In these cases, the activities in
different localities can proceed independently, subject to communication and/or
synchronisation constraints. To express such systems in a formal manner, [8]
introduced Place/Transition-nets with localities (PTL-nets), which are basically
PT-nets equipped with the notion a locality. Each locality identifies a distinct set
of transitions which may only be executed synchronously, i.e., in a maximally
concurrent manner. The aim of [8] was then to look at the way in which the
standard concurrency techniques of Petri nets could be used to provide a similar
treatment for the new model. In this paper, we adapt the model of [8] to the
case of Elementary Net Systems (EN-systems), which are a fundamental class
of safe Petri nets, and set ourselves the task of finding a characterisation of all
transition systems generated by such nets.
ENL-systems
To explain the basic concepts relating to ENL-systems, we consider the net shown
in figure 1(a), which models a concurrent system consisting of one producer
(the left triangle-like subnet), and one consumer process (the right square-like
subnet). The two subsystems are connected by a buffer-like condition b 0 which
holds items produced by the producer using the event p2, and consumed by
the consumer using the event c1. The net would be a standard EN-system if we
ignored the integer labels, 1 and 2, shown in the middle of the events. These labels
represent localities to which the various events belong. We can then observe that
events p1 and p2 belong to the same locality, while the remaining events to a
different one.
In general, the way events are assigned to different localities will have a strong
impact on the step sequences generated by an ENL-system, as it is required that
within each locality events are executed in a maximally concurrent way. For
the net in figure 1(a), this does not have any apparent effect since the subnets
corresponding to the two localities are strictly sequential. This changes radically
for the slightly modified example shown in figure 1(b), which models a system
consisting of one producer and two co-located consumers (indicated by the two
tokens in the right subnet).
For example, though under the standard EN-systems’ semantics this net
generates the step sequence {p2}{c1}, the execution model of ENL-systems will
reject it for the following reason: After executing the initial step {p2}, the net can
execute the step {c1, c4} consisting of two co-located events, and so executing
c1 alone violates the maximal concurrency execution rule within locality 2. A
possible way of executing a valid step could then be to add the ‘missing’ event c4,
resulting in the legal step sequence {p2}{c1, c4}. Another legal step sequence,
according to the intended semantics, could be {p2}{c1, c4, p1}. Note that in the

Transition Systems of Elementary Net Systems with Localities

3

latter case the second step {c1, c4, p1} is maximally concurrent in a global sense,
as it cannot be extended any further.
If all the events of an ENL-system belong to the same locality (and so no
extra labelling is really needed), then the notion of an ENL-system reduces to
that of an Elementary Net System with Maximal Concurrency. In a nutshell,
such a system is an EN-system executed under the maximal concurrency rule,
i.e., in such a way that an executed step cannot be extended any further without
violating the basic constraint embodied in the structure of the net.
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Fig. 1. ENL-system for the one-producer/one-consumer scenario (a); and for the oneproducer/two-consumers scenario (b).

ENL-systems and the synthesis problem
Let us consider the EN-system together with its interleaving transition system
shown in figure 2(a,b), and the ENL-system together with its step transition
system shown in figure 2(c,d). Suppose that we are to solve the synthesis problem for the ENL-systems in the case of the example shown in figure 2. It can be
formulated as a task of finding a method which, given a transition system, constructs a net in such a way that its behaviour (expressed as a transition system)
is isomorphic to the given transition system.
This problem was solved for the class of EN-systems in [6], using the notion
of a region which links nodes of transition systems (global states) with conditions
in the corresponding nets (local states). The solution was later extended to the
pure bounded PT-nets [4], general Petri nets [10], safe nets [14] and EN-systems
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with inhibitor arcs [5, 9, 12], by adopting the definition of a region or using some
extended notion of a generalised region [3].
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Fig. 2. An EN-system (a); its interleaving transition system (b); an ENL-system (c);
and step transition system (d). Note that cin = {b1 , b3 }, c1 = {b2 , b3 }, c2 = {b1 , b4 }
and c3 = {b2 , b4 }.

The way the standard region construction works can be explained in the
following way. Let us try to retrieve the original EN-system from the interleaving
transition system in figure 2(b). A region of a transition system is meant to
encompass precisely those states where a given condition of the EN-system holds.
So, for example, the region corresponding to the condition b1 is the set comprising
of two states, r1 = {cin , c2 }. Its defining characteristics is that is has the same
‘crossing relationship’ with both events e and f. Indeed, both e-arcs leave r 1 ,
and both f-arcs do not cross r1 ’s boundary. There are three further regions
with similar ‘stable’ crossing characteristics: r2 = {c1 , c3 } (e-arcs enter it and
f-arcs do not cross the boundary), r3 = {cin , c1 } (f-arcs leave it and e-arcs do
not cross the boundary) and r4 = {c2 , c3 } (f-arcs enter it and e-arcs do not
cross the boundary).1 The synthesis procedure then derives an EN-system in
the following way: for each region ri a fresh condition b0i is constructed and its
input and output events are determined by the crossing relationships mentioned
above, e.g., for r1 e is an output event, and f is not joined to it by any arc. In this
particular case, the resulting EN-system is actually isomorphic to the original
1

Note that there are two more ‘trivial’ regions, r = {cin , c1 , c2 , c3 } and r 0 = ∅, which
are ignored by the synthesis procedure.
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one, though in the general case this cannot be guaranteed. But what can be
guaranteed is that the transition systems of the two EN-systems are isomorphic.
One might attempt to apply the same procedure also in the case of the
step transition system in figure 2(d), under the assumption that e and f are colocated events. However, this is not going to get us back to a desired ENL-system
since there are at most 2 non-trivial regions there, r1 = {cin } and r2 = {c3 },
and so the construction can at best generate 2 conditions. However, we need at
least 4 conditions in the resulting ENL-system, to be able to support a pair of
concurrent events which were executed at the initial state. In other words, we
have too few standard regions to construct enough conditions if the target is an
appropriate ENL-system.
About this paper
An intuitive reason why the standard construction failed to work for the step
transition system in figure 2(d) was that the set-of-states notion of region is not
rich enough for the purposes of synthesising ENL-systems.
The modification to the original notion we will propose is based on the explicit
input and output events of a set of states, which is consistent with the underlying
idea of static crossing relationship between events and regions. More precisely,
we will work with io-regions, each such region being a triple: r = (in, r, out),
where r is a set of states, in is a set of events which are responsible for entering
r, and out is a set of events which are responsible for leaving r. Intuitively, we
will require that in each step leaving (or entering) r there is a unique event
belonging to out (resp. to in) responsible for it, and, conversely, executing an
event from out or from in always results in crossing of the boundary of r in an
appropriate way. In the case of the example transition system, we will identify
four io-regions: r1 = (∅, {cin }, {e}) r2 = ({e}, {c3 }, ∅}), r3 = (∅, {cin }, {f}) and
r4 = ({f}, {c3 }, ∅). Now we have enough regions to re-constitute the conditions
of the original ENL-system, namely each ri corresponds to bi . The rest of the
construction is basically the same as in the standard approach.
The paper is organised as follows. In the next section, we introduce step transition systems and their io-regions. After that we define ENL-transition systems.
In section 3, we introduce formally ENL-systems and show that their transition
systems are ENL-transition systems. We also demonstrate how to construct a
corresponding ENL-system for a given ENL-transition system. In the concluding section, we compare our approach with other works, and outline how the
modified notion of region could be used to solve the synthesis problem for other
semantics of EN-systems.

2

Step transition systems and io-regions

In this section, we set the scene by introducing general step transition systems,
which after further restrictions will be used to provide a behavioural model for
ENL-systems, and the key notion of an io-region of a step transition system.
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Let E be a non-empty set of events fixed throughout this paper. We also
assume that there is a locality mapping, L : E → N, associating to each event e ∈
E its locality L(e); implicitly, each non-empty inverse image L−1 (n) determines
a set of co-located events.
df
A step transition system [1, 7] is a triple ts = (S, T, sin ) where:
TS1
TS2
TS3

S is a non-empty finite set of states.
T ⊆ S × (2E \ {∅}) × S is a finite set of transitions.
sin ∈ S is the initial state.

Throughout the rest of this section, the step transition system ts will be fixed.
We will denote by Ets the set of all the events appearing in steps labelling the
transitions of ts, i.e.,
[
df
Ets =
u.
(s,u,s0 )∈T
u

We will use s −→ s0 whenever (s, u, s0 ) ∈ T , and respectively call s the source
and s0 the target of this transition. We will also say that the step u is enabled
u
u
at s, and denote this by s −→. Moreover, we will denote s −→ s0 if s −→ s0 , for
some u.
We now introduce a central notion whose aim is to link the nodes of a transition system (global states) with the conditions in the corresponding net (local
states).
Definition 1. A region with explicit input and output events (or io-region) is
df
a triple r = (in, r, out) ∈ 2Ets × 2S × 2Ets such that the following four conditions
u
are satisfied, for every transition s −→ s0 of the step transition system ts:
1.
2.
3.
4.

If
If
If
If

s ∈ r and s0 ∈
/ r then |u ∩ in| = 0 and |u ∩ out| = 1.
s∈
/ r and s0 ∈ r then |u ∩ in| = 1 and |u ∩ out| = 0.
u ∩ out 6= ∅ then s ∈ r and s0 ∈
/ r.
0
u ∩ in 6= ∅ then s ∈
/ r and s ∈ r.
df

df

df

We denote ||r|| = r, • r = in and r• = out.
An io-region r is trivial if ||r|| = ∅ or ||r|| = S; otherwise it is non-trivial.
Proposition 1. There are exactly two trivial io-regions: (∅, ∅, ∅) and (∅, S, ∅).
Proof. From definition 1(3,4) and TS2, if r is trivial then it must be the case
that • r = r• = ∅.
t
u
df

Proposition 2. r = (in, r, out) is an io-region if and only if r = (out, S \ r, in)
is an io-region.
Proof. Follows directly from definition 1.

t
u
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In general, an io-region r cannot be identified only by its set of states ||r||; in
other words, • r and r• may not be recoverable from ||r||. However, if the transition
{e}

system is thin, i.e., for every event e ∈ Ets there is a transition s −→ s0 of ts,
then different io-regions are based on different sets of states.2
Proposition 3. If ts is thin and r 6= r0 are io-regions, then ||r|| 6= ||r0 ||.
Proof. Suppose that ||r|| = ||r0 ||. Since r 6= r0 , we have that • r 6= • r0 or r• 6= r0• .
Assume, without loss of generality, that • r 6= • r0 . Then, again without loss of
generality, we have that • r 6= ∅.
{e}

Let us take any e ∈ • r. Since ts is thin, there is a transition s −→ s0 of ts.
By definition 1(4), we have s ∈
/ ||r|| and s0 ∈ ||r||. Hence, by ||r|| = ||r0 ||, we also
{e}

have that s ∈
/ ||r0 || and s0 ∈ ||r0 ||. Thus, by s −→ s0 and definition 1(2), e ∈ • r0 .
As a result, • r ⊆ • r0 . By proceeding in a similar way, we may then show that
•
r = • r0 and r• = r0• . This, together with ||r|| = ||r0 ||, produces a contradiction
with r 6= r0 .
t
u
The set of all non-trivial io-regions will be denoted by Rts and, for every
state s ∈ S, we will denote by Rs the set of non-trivial io-regions containing s,
df

Rs = {r ∈ Rts | s ∈ ||r||} .
The sets of pre-io-regions,
then defined as:
◦

◦

e, and post-io-regions, e◦ , of an event e ∈ Ets are

e = {r ∈ Rts | e ∈ r• }
df

and

e◦ = {r ∈ Rts | e ∈ • r} .
df

Moreover, the sets of pre-io-regions and post-io-regions of a set of events u ⊆ E ts
are respectively given by:
[
[
df
◦ df
◦
e◦ .
u=
e and u◦ =
e∈u

e∈u

u

Proposition 4. If s −→ s0 is a transition of ts, then
1. r ∈ ◦ u implies s ∈ ||r|| and s0 ∈
/ ||r||.
2. r ∈ u◦ implies s ∈
/ ||r|| and s0 ∈ ||r||.
Proof. Follows directly from the definitions of
tion 1(3,4).

◦

u and u◦ , as well as definit
u

The sets of pre- and post-io-regions of a step involved in a transition of ts are,
in fact, disjoint unions of sets of respectively pre- and post-io-regions of events
it comprises.
2

As we have already seen being thin is not, in general, a property of step transition systems generated by ENL-systems. However, transition systems generated by,
e.g., EN-systems or EN-systems with inhibitor arcs, are thin and then the standard
definition of a region as a set of states is sufficient.
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Proposition 5. If u is a step appearing in one of the transitions of ts, then
]
]
◦
◦
u=
e and u◦ =
e◦ .
e∈u

e∈u

u

Proof. Let s −→ s0 and e, f ∈ u be such that e 6= f . Suppose that r ∈ ◦ e ∩ ◦ f
which means that e, f ∈ r• . This means, by definition 1(3), that s ∈ ||r|| and
s0 ∈
/ ||r||. Thus, by definition 1(1), |u ∩ r• | = 1, a contradiction with e, f ∈ u ∩ r• .
Hence the first part of the result holds. The second one can be shown in a similar
way.
t
u
Proposition 6. If u is a step appearing in one of the transitions of ts, then
◦
u ∩ u◦ = ∅.
u

Proof. Suppose that s −→ s0 and r ∈ ◦ u ∩ u◦ . Then, by proposition 4, s ∈
/ ||r||
and s ∈ ||r||. We thus obtained a contradiction.
t
u
u

Proposition 7. If s −→ s0 then Rs \ Rs0 = ◦ u and Rs0 \ Rs = u◦ .
Proof. We show that Rs \ Rs0 = ◦ u, as the second part can be shown in a
similar way. By proposition 4, ◦ u ⊆ Rs and ◦ u ∩ Rs0 = ∅. Hence ◦ u ⊆ Rs \ Rs0 .
Suppose that r ∈ Rs \ Rs0 , which implies that s ∈ ||r|| and s0 ∈
/ ||r||. Hence, by
u
definition 1(1) and s −→ s0 , u ∩ r• 6= ∅. Hence r ∈ ◦ u and so Rs \ Rs0 ⊆ ◦ u.
Consequently, Rs \ Rs0 = ◦ u.
t
u
To characterise fully transition systems generated by ENL-systems, we will
need the notion of a potential step. The set of all potential steps Uts of ts is
defined as follows:
Uts = {u ⊆ Ets | u 6= ∅ ∧ ∀e, f ∈ u : (e 6= f ⇒ ( ◦ e ∪ e◦ ) ∩ ( ◦ f ∪ f ◦ ) = ∅)} .
df

u

Proposition 8. If s −→ s0 then u ∈ Uts .
Proof. Follows from TS2 and propositions 5 and 6.
2.1

t
u

ENL-transition systems

A step transition system ts = (S, T, sin ) is an ENL-transition system if it satisfies
the following axioms:
A1
A2
A3
A4

A5

For every s ∈ S \ {sin }, there are (s0 , u0 , s1 ), . . . , (sn−1 , un−1 , sn ) ∈ T
such that s0 = sin and sn = s.
For every event e ∈ Ets , both ◦ e and e◦ are non-empty.
For all states s, s0 ∈ S, if Rs = Rs0 then s = s0 .
Let s ∈ S and u ∈ Uts be such that ◦ u ⊆ Rs and u◦ ∩Rs = ∅, and there
is no u ] {e} ∈ Uts satisfying L(e) ∈ L(u) and ◦ e ⊆ Rs and e◦ ∩ Rs = ∅.
u
Then s −→.
u
If s −→ then there is no u ] {e} ∈ Uts satisfying L(e) ∈ L(u) and
◦
e ⊆ Rs and e◦ ∩ Rs = ∅.
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The (A1) axiom implies that all the states in ts are reachable from the initial
state. (A2) will ensure that every event in a synthesised ENL-system will have
at least one input condition and at least one output condition. (A3) was used
for other transition systems as well, and is usually called the state separation
property [3, 11], and it guarantees that ts is deterministic. (A4) is a variation of
the forward closure property [11] or the event/state separation property [3]. (A5)
ensures that every step in a transition system is indeed a maximal step w.r.t.
localities of the events it comprises.
u

u

Proposition 9. If s −→ s0 and s −→ s00 then s0 = s00 .
Proof. Follows from proposition 7 and (A3).

3

t
u

ENL-systems
df

A net is a tuple net = (B, E, F ) such that B and E ⊆ E are finite disjoint sets,
and F ⊆ (B × E) ∪ (E × B). The meaning and graphical representation of B
(conditions), E (events) and F (flow relation) is the same as in the standard
net theory. Moreover, in diagrams, boxes representing events with localities are
shaded with the actual locality being shown in the middle (see figure 1). We
denote, for every x ∈ B ∪ E,
•

df

x = {y | (y, x) ∈ F }

and

df

x• = {y | (x, y) ∈ F } ,

and we call them the pre-elements and post-elements, respectively. The dotnotation extends in the usual way to sets:
[
[
df
df
•
•
X=
x and X • =
x• .
x∈X

x∈X

It is assumed that for every e ∈ E, the sets • e and e• are non-empty and disjoint.
An elementary net system with localities (ENL-system) is a tuple
df

enl = (B, E, F, cin )
df

such that netenl = (B, E, F ) is the (underlying) net and cin ⊆ B is the initial
case (in general, any subset of B is a case). We will assume that enl is fixed until
the end of this section.
The concurrency semantics of ENL-systems will be based on steps of simultaneously executed events. We first define the set of valid steps of the ENL-system:
Uenl = {u ⊆ E | u 6= ∅ ∧ ∀e, f ∈ u : (e 6= f ⇒ (• e ∪ e• ) ∩ (• f ∪ f • ) = ∅)} .
df

A step u ∈ Uenl is enabled at a case c ⊆ B if • u ⊆ c and u• ∩ c = ∅, and there
is no step u ] {e} ∈ Uenl satisfying L(e) ∈ L(u) and • e ⊆ c and e• ∩ c = ∅.
The transition relation of netenl , denoted by →netenl , is then given as the set
of all triples
(c, u, c0 ) ∈ 2B × Uenl × 2B
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such that u is enabled at c and c0 = (c \ • u) ∪ u• .
The state space of enl, denoted by Cenl , is the least subset of 2B containing cin
such that if c ∈ Cenl and (c, u, c0 ) ∈ →netenl then c0 ∈ Cenl . The transition relation
of enl, denoted by →enl , is then defined as →netenl restricted to Cenl ×Uenl ×Cenl .
u
u
We will use c −→enl c0 to denote that (c, u, c0 ) ∈ →enl . Also, c −→enl if (c, u, c0 ) ∈
→enl , for some c0 .
u

Proposition 10. If c −→enl c0 then c \ c0 = • u and c0 \ c = u• .
u

Proof. From c −→enl c0 we have that u is enabled at c (which implies • u ⊆ c
and u• ∩ c = ∅) and c0 = (c \ • u) ∪ u• . One can easily check that these imply
c \ c0 = • u and c0 \ c = u• .
t
u
3.1

Transition systems generated by ENL-systems

The construction of a step transition system for a given ENL-system is straightforward.
Let enl = (B, E, F, cin ) be an ENL-system. Then
df

tsenl = (Cenl , →enl , cin )
is the transition system generated by enl.
Theorem 1. tsenl is an ENL-transition system.
Proof. Clearly, tsenl is a step transition system. We need to prove that it satisfies
the five axioms defining ENL-transition systems. Before doing this, we will show
that, for every b ∈ B,
rb = (• b, {c ∈ Cenl | b ∈ c}, b• )
df

is a (possibly trivial) io-region of tsenl . Moreover, if ∅ 6= ||rb || 6= Cenl then rb is
non-trivial.
u
To show that definition 1 holds for rb , we assume that c −→enl c0 in tsenl ,
and proceed as follows:
Proof of definition 1(1) for rb . We need to show that c ∈ ||rb || and c0 ∈
/ ||rb ||
implies |u ∩ • b| = 0 and |u ∩ b• | = 1.
From c ∈ ||rb || (c0 ∈
/ ||rb ||) it follows that b ∈ c (resp. b ∈
/ c0 ). Hence b ∈ c \ c0 .
0
•
0
•
From proposition 10 we have c \ c = u and c \ c = u . Hence b ∈ • u and, as
a consequence, there exists e ∈ u such that b ∈ • e, and so e ∈ b• . We therefore
have e ∈ u ∩ b• . Hence u ∩ b• 6= ∅. Suppose that there is f 6= e such that
f ∈ u ∩ b• . Then we have f ∈ u and b ∈ • f which implies b ∈ • f ∩ • e. We
obtained a contradiction with e, f ∈ u ∈ Uenl . Hence |u ∩ b• | = 1.
From b ∈
/ c0 and c0 \ c = u• , we have b ∈
/ u• . Let e ∈ u (u 6= ∅ by definition).
•
•
Then b ∈
/ e , and therefore e ∈
/ b. Hence |u ∩ • b| = 0.
Proof of definition 1(2) for rb . Can be proved similarly as definition 1(1).
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Proof of definition 1(3) for rb . We need to show that u ∩ b• 6= ∅ implies c ∈ ||rb ||
and c0 ∈
/ ||rb ||.
From proposition 10, we have c\c0 = • u and c0 \c = u• . From u∩b• 6= ∅, we have
that there is e ∈ u such that e ∈ b• , and so b ∈ • e. Consequently, b ∈ • u = c \ c0 ,
and so b ∈ c and b ∈
/ c0 . We therefore obtained that c ∈ ||rb || and c0 ∈
/ ||rb ||.
Proof of definition 1(4) for rb . Can be proved similarly as definition 1(3).
Clearly, if ∅ 6= ||rb || 6= Cenl then rb is a non-trivial io-region.
We may now proceed with the proof proper.
Proof of (A1). Follows directly from the definition of Cenl .
Proof of (A2). We observe that if e ∈ Etsenl then {rb | b ∈ • e} ⊆ ◦ e and
{rb | b ∈ e• } ⊆ e◦ (follows from the definitions of ◦ e, e◦ and rb ). This and
•
e 6= ∅ 6= e• yields ◦ e 6= ∅ 6= e◦ .
Proof of (A3). Suppose that c 6= c0 are two cases in Cenl . Without loss of
generality, we may assume that there is b ∈ c \ c0 . Hence c ∈ ||rb || and c0 ∈
/ ||rb ||.
Thus, by the fact that rb is not trivial (∅ 6= ||rb || 6= Cenl ) and rb ∈ Rc \ Rc0 , (A3)
holds.
Proof of (A4). Suppose that c ∈ Cenl and u ∈ Utsenl are such that ◦ u ⊆ Rc
and u◦ ∩ Rc = ∅ and there is no u ] {e} ∈ Utsenl satisfying: L(e) ∈ L(u) and
u
◦
e ⊆ Rc and e◦ ∩ Rc = ∅. We need to show that c −→enl .
First we show • u ⊆ c. Let e ∈ u. Consider b ∈ • e. We have already shown that
this implies rb ∈ ◦ e. From ◦ u ⊆ Rc , we have that rb ∈ Rc , and so c ∈ ||rb ||.
Consequently, b ∈ c. Hence, for all e ∈ u we have • e ⊆ c, and so • u ⊆ c.
Now we show that • u ∩ c = ∅. Let e ∈ u. Consider b ∈ e• . We have already
shown that this implies rb ∈ e◦ . From u◦ ∩ Rc = ∅, we have that rb ∈
/ Rc , and
so c ∈
/ ||rb ||. Consequently, b ∈
/ c. Hence, for all e ∈ u we have e• ∩ c = ∅, and so
u• ∩ c = ∅.
Now we need to prove that there is no step u ] {e} ∈ Uenl satisfying: L(e) ∈ L(u)
and • e ⊆ c and e• ∩ c = ∅.
Suppose that this is not the case. Let u ] {e1 } ∈ Uenl be a step satisfying these
conditions. Now we have two cases.
Case 1: There is no u]{e1 }]{f } ∈ Uenl such that L(f ) ∈ L(u]{e1 }) and • f ⊆ c
u]{e1 }

and f • ∩c = ∅. This implies c −→ enl . By proposition 8, we have that u]{e1 } ∈
Utsenl . Moreover, L(e1 ) ∈ L(u) and, by proposition 7, we have ◦ (u ] {e1 }) ⊆
◦
Rc and (u ] {e1 }) ∩ Rc = ∅. We therefore obtained a contradiction with our
assumptions.
Case 2: We can find u ] {e1 } ] {e2 } ∈ Uenl such that L(e2 ) ∈ L(u ] {e1 })
and • e2 ⊆ c and e•2 ∩ c = ∅. Then we consider Cases 1 and 2 again, taking
u ] {e1 } ] {e2 } instead of u ] {e1 }. Since the number of events in E is finite, we
will eventually end up in Case 1. This means that, eventually, we will obtain a
contradiction.
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u

Proof of (A5). We need to show that, if c −→enl then there is no u ] {e} ∈ Utsenl
satisfying L(e) ∈ L(u) and ◦ e ⊆ Rc and e◦ ∩ Rc = ∅.
Suppose that there is u ] {e} ∈ Utsenl satisfying L(e) ∈ L(u) and ◦ e ⊆ Rc and
e◦ ∩ Rc = ∅ (†).
We have already shown that for e ∈ Etsenl , b ∈ • e implies rb ∈ ◦ e, and b ∈ e•
implies rb ∈ e◦ . From this and u ] {e} ∈ Utsenl we have u ] {e} ∈ Uenl .
We will show that • e ⊆ c. We have b ∈ • e implies rb ∈ ◦ e. But ◦ e ⊆ Rc , so
rb ∈ Rc . This means c ∈ ||rb ||, and consequently, b ∈ c. Hence • e ⊆ c
We will show that e• ∩ c = ∅. We have b ∈ • e implies rb ∈ e◦ . But e◦ ∩ Rc = ∅,
so rb ∈
/ Rc . This means c ∈
/ ||rb ||, and consequently, b ∈
/ c. Hence e• ∩ c = ∅.
u
As a result, assuming (†) leads to a contradiction with c −→enl .
t
u
3.2

ENL-systems generated by ENL-transition systems

The reverse translation, from an ENL-transition systems to ENL-systems, is
based on the pre- and post-io-regions of events appearing in a transition system.
Let ts = (S, T, sin ) be an ENL-transition system. The net system associated
with ts is defined as
df
enlts = (Rts , Ets , Fts , Rsin )
where Fts is defined thus:
Fts = {(r, e) ∈ Rts × Ets | r ∈ ◦ e} ∪ {(e, r) ∈ Ets × Rts | r ∈ e◦ } .
df

(1)

Proposition 11. For every e ∈ Ets , ◦ e = • e and e◦ = e• .
Proof. Follows directly from the definition of enlts .

t
u

Note that the above construction produces a net which is saturated with
conditions.
Theorem 2. enlts is an ENL-system.
Proof. The only thing we need to observe is that, for every event e of Ets , it is
the case that: • e 6= ∅ 6= e• , which follows from (A2) and proposition 11; and
•
e ∩ e• = ∅, which follows from propositions 6 and 11.
t
u
We will now show that the ENL-system associated with an ENL-transition
system ts generates a transition system which is isomorphic to ts.
Proposition 12. Let ts = (S, T, sin ) be an ENL-transition system and
enl = enlts = (Rts , Ets , Fts , Rsin ) = (B, E, F, cin )
be the ENL-system associated with it.
1. Cenl = {Rs | s ∈ S}.
2. →enl = {(Rs , u, Rs0 ) | (s, u, s0 ) ∈ T }.
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Proof. Note that from the definition of Cenl , every c ∈ Cenl is a case reachable
from cin in enl; and that from axiom (A1), every s ∈ S is a state reachable from
sin in ts.
u
We first show that if c −→enl c0 and c = Rs , for some s ∈ S, then there
u
u
0
0
is s ∈ S such that s −→ s and c0 = Rs0 . By c −→enl c0 , u ∈ Uenl is a step
•
•
such that u ⊆ c and u ∩ c = ∅, and there is no step u ] {e} ∈ Uenl satisfying
L(e) ∈ L(u) and • e ⊆ c and e• ∩ c = ∅. Moreover, c0 = (c \ • u) ∪ u• .
u
Hence, by proposition 11 and (A4), u ∈ Uts and s −→ s0 , for some s0 ∈ S. Then,
by proposition 7, Rs0 = (Rs \ ◦ u)∪u◦ . At the same time, we have c0 = (c\ • u)∪u• .
Hence, by proposition 11 and c = Rs , we have that c0 = Rs0 .
As a result, we have shown (note that cin = Rsin ∈ {Rs | s ∈ S}) that
Cenl ⊆ {Rs | s ∈ S}
→enl ⊆ {(Rs , u, Rs0 ) | (s, u, s0 ) ∈ T } .
We now prove the reverse inclusions. By definition, Rsin ∈ Cenl . It is enough
u
u
to show that if s −→ s0 and Rs ∈ Cenl , then Rs0 ∈ Cenl and Rs −→enl Rs0 . By
(A5) and propositions 7, 8 and 11, u is a valid step in enl which is enabled at the
u
case Rs . So, there is a case c0 such that Rs −→enl c0 and c0 = (Rs \ • u)∪u• . From
u
propositions 7 and 11 we have that c0 = Rs0 . Hence we obtain that Rs −→enl Rs0
t
u
and so also Rs0 ∈ Cenl .
Theorem 3. Let ts = (S, T, sin ) be an ENL-transition system and enl = enlts
be the ENL-system associated with it. Then tsenl is isomorphic to ts.
Proof. Let ψ : S → Cenl be a mapping given by ψ(s) = Rs , for all s ∈ S
(note that, by proposition 12(1), ψ is well-defined). We will show that ψ is an
isomorphism for ts and tsenl .
Note that ψ(sin ) = Rsin . By proposition 12(1), ψ is onto. Moreover, by (A3), it
is injective. Hence ψ is a bijection. We then observe that, by proposition 12(2),
we have (s, u, s0 ) ∈ T if and only if (ψ(s), u, ψ(s0 )) ∈−→enl . Hence ψ is an
isomorphism for ts and tsenl .
t
u

4

Concluding Remarks

In this paper, we have completely characterise transition systems which can
be generated by the elementary net systems with localities. In doing so, we
followed the standard approach in which key relationships between a Petri net
and its transition system are established via the notion of a region. The standard
definition of regions is insufficient for the class of transition systems of ENLsystems, and we augmented it with some additional information, leading to the
notion of an io-region.
We defined, and showed consistency of, two behaviour preserving translations
between ENL-systems and their transition systems. As a result, we provided a
solution to the synthesis problem of ENL-systems, which consists in constructing
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an ENL-system for a given transition system in such a way that the transition
system of the former is isomorphic to the latter.
In this paper, we have completely characterised transition systems which
can be generated by the elementary net systems with localities. In doing so,
we followed the standard approach in which key relationships between a Petri
net and its transition system are established via the notion of a region. The
standard definition of regions is insufficient for the class of transition systems of
ENL-systems, and we augmented it with some additional information, leading
to the notion of an io-region.
We defined, and showed consistency of, two behaviour preserving translations
between ENL-systems and their transition systems. As a result, we provided a
solution to the synthesis problem of ENL-systems, which consists in constructing
an ENL-system for a given transition system in such a way that the transition
system of the former is isomorphic to the latter.
The previous work which appears to be closest to what has been proposed in
this paper is due to Badouel and Darondeau [3]. In much more general a framework than the basic Elementary Net Systems it discusses the notion of a step
transition system, generalising that introduced by Mukund [10]; in particular,
by dropping the assumption that a transition system should exhibit the so-called
intermediate state property:
α+β

β

α

s −→ s0 ⇒ ∃s00 : s −→ s00 −→ s0 .
This clearly is a characteristic shared by the class of the ENL-transition systems.
But the step transition systems of [3] still exhibit what one might call a weak
intermediate state property (or subset property):
α+β

α

s −→ s0 ⇒ ∃s00 : s −→ s00 .
However, this is a key property which is not satisfied by the ENL-transition
systems. We feel that it is an important question to find out whether or to what
extent the theory of Badouel and Darondeau [3] could be adopted to work for
the ENL-transition systems and their extensions.
4.1

Future work

We believe that the notion of an io-region may be used to characterise transition
systems of other extensions of EN-systems, as well as non-safe Petri nets (after
suitable adaptations, of course). We now briefly outline some initial thoughts,
which all boil down to suitable modifications of the last two axioms, (A4) and
(A5).
Let us consider EN-systems with maximal concurrency semantics. In this
case we do not consider localities, but only assume that all enabled steps are
chosen according to the maximal concurrency paradigm.
A4a

Let s ∈ S and u ∈ Uts be such that ◦ u ⊆ Rs and u◦ ∩ Rs = ∅, and
there is no u ] {e} ∈ Uts satisfying ◦ e ⊆ Rs and e◦ ∩ Rs = ∅. Then
u
s −→.
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u

If s −→ then there is no u]{e} ∈ Uts satisfying ◦ e ⊆ Rs and e◦ ∩Rs = ∅.

As a second example, we consider EN-systems with constrained parallelism.
Again, in this case we do not consider localities, but rather assume that no
enabled step can comprise less than m events and more than n ∈ N ∪ {∞}
events, where 0 < m < n ≤ ∞.
A4b
A5b

Let s ∈ S and u ∈ Uts be such that
u
m ≤ |u| ≤ n. Then s −→.
u
If s −→ then m ≤ |u| ≤ n.

◦

u ⊆ Rs and u◦ ∩ Rs = ∅ and

As a third example, we consider EN-systems where there are two kinds of
events, Es and Eh , modelling respectively software and hardware actions. It is
also assumed that the occurrence of each software event e ∈ Es is supported by
one of the hardware events of a pre-defined set suppe ⊆ Eh .
A4c
A5c

Let s ∈ S and u ∈ Uts be such that ◦ u ⊆ Rs and u◦ ∩ Rs = ∅ and, for
u
every e ∈ u ∩ Es , it is the case that u ∩ suppe 6= ∅. Then s −→.
u
If s −→ then, for every e ∈ u ∩ Es , it is the case that u ∩ suppe 6= ∅.

Finally, without going into technical details, we feel that if the enabling
relation for a class of EN-systems’ extensions can be expressed by a formula
which refers to pre-sets and post-set of steps, possibly using quantifiers without
referring to specific conditions, then one can derive a suitable modification of
the axioms (A4) and (A5) by suitably replacing references to pre- and post-sets
by the corresponding references to pre- and post-io-regions.
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